Abstract. Let d 1 and d 2 be discriminants of quadratic imaginary orders and let J(d 1 , d 2 ) denote the product of differences of CM j-invariants with discriminants d 1 and d 2 . In 1985, Gross and Zagier gave an elegant formula for the factorization of the integer J (d 1 , d 2 ) in the case that d 1 and d 2 are relatively prime and discriminants of maximal orders. We generalize their methods and give a complete factorization in the case that d 1 is squarefree and d 2 is any discriminant. We also give a partial factorization in all other cases, and give a conjectural formula when the conductors of d 1 and d 2 are relatively prime.
Introduction
Let d 1 and d 2 be discriminants of distinct quadratic imaginary orders and write .
In this paper, we determine to what extent such a formula holds for an arbitrary pair of discriminants. We note that the proof of [GZ85, Thm. 1.3] implicitly gives a mathematical interpretation of the quantities F (m). Their interpretation is quite natural, and any nice generalization of [GZ85, Thm. 1.3] to arbitrary discriminants should retain this property. (This will be explained in more detail in §2. ) We prove that there is a generalization of F (m) such that the above equation holds, and that retains this property and many other nice properties of the original definition: Theorem 1.1. Let d 1 , d 2 be any two distinct discriminants. Then there exists a function F that takes non-negative integers of the form 2 ) even though 11 is split in Q( √ −7).
From the proof of Theorem 1.1, we can also show that there is no extension of the definition of the quadratic character ǫ such that F (m) = n n ǫ(m/n) for an arbitrary pair of discriminants, see §2, Example 2.3. We will instead generalize a different expression of F (m) from [GZ85, Dor88] . If −d 1 is prime, d 2 is fundamental, and gcd(d 1 , d 2 ) = 1, then Gross and Zagier show that v ℓ (F (m)) can be expressed as a weighted sum of the number of integral ideals in O d 1 of norm m/ℓ r for r > 0. Dorman extended this work to the case that d 1 is squarefree, d 2 is fundamental, and gcd(d 1 , d 2 ) = 1. We derive an expression for v ℓ (F (m)) which holds in general for arbitrary d 1 and d 2 , for primes ℓ > 2 which are coprime to the conductor of d 1 . Theorem 1.5. Let m be a non-negative integer of the form
and ℓ a fixed prime that is coprime to cond(d 1 ).
If m > 0 and either ℓ > 2 or 2 does not ramify in both Q( √ d 1 ) and Q( √ d 2 ), then v ℓ (F (m)) can be expressed as a weighted sum of the number of certain invertible integral ideals in O d 1 of norm n/ℓ r for r > 0. Moreover, if m is coprime to the conductor of d 1 , then v ℓ (F (m)) is an integer and the weights are easily computed and constant; more precisely we have Under the same assumptions as above, formula (1.2) has an equivalent formulation as a product of local factors, see Proposition 7.10 in §7. where
We conjecture that Theorem 1.5 holds even in the case that ℓ = 2 ramifies in both Q(
However, the existence of multiple quadratic ramified extensions of Q unr 2 causes difficulty in one of the steps of the proof, namely the proof of Proposition 8.1. It may be possible to get around this difficulty in our approach by a long and detailed case-by-case analysis. We did not undertake this analysis, and it would be interesting to determine a better method.
More generally, the local factor description of (1.2) that is given in §7 suggests a conjecture for any pairs of discriminants whose conductors are relatively prime.
3 Conjecture 1.7. Let d 1 and d 2 be quadratic imaginary discriminants with relatively prime conductors. Write f for the product of the two conductors and for any prime p, let
2 ) = H+
where H, m x are as above and
We verified this conjecture with Magma for all pairs of discriminants with relatively prime conductors and |d i | < 250. [Hut98] in the case that the gcd of d 1 and d 2 is supported at a single prime p that does not divide either conductor. While his formulations are very different from ours, we checked, in many cases, that they agree.
One of the technical contributions of the present paper is a generalization of Dorman's theory of maximal orders in a quaternion algebra with an optimal embedding of a maximal imaginary quadratic order [Dor89] . We generalize this theory to include imaginary quadratic orders which are not maximal. The first author, together with Goren, generalized Dorman's work in a different direction, to higher-dimensional abelian varieties, by giving a description of certain orders in a quaternion algebra over a totally real field, with an optimal embedding of the maximal order of a CM number field [GL] . Since that work does not apply to optimal embeddings of non-maximal orders, it is neither weaker nor stronger than the generalization we give in this paper.
Outline. We prove Theorem 1.1 in §2. The rest of the paper will focus on the proof of Theorem 1.5. In §3.1, we give a high-level overview of the whole proof and explain the differences between the general case and the cases treated in [GZ85, Dor88] . In §3.2 we explain how various propositions and theorems come together to prove Theorem 1.5, and point the reader to the individual sections where each proposition or theorem is proved.
Notation. Throughout, ℓ will denote a fixed prime. By discriminant we mean a discriminant of a quadratic imaginary order. We say a discriminant is fundamental at a prime p if the associated quadratic imaginary order is maximal at p, and we say a discriminant is fundamental if it is fundamental at all primes p.
For a discriminant d, we write f for the conductor of d, and let d denote dℓ −2v ℓ (f ) . Note that d is fundamental at ℓ. For most of the paper, we will concern ourselves with two fixed distinct discriminants d 1 , d 2 ; in this case, the above quantities will be denoted f 1 , f 2 and d 1 , d 2 respectively. We write s i := v ℓ (f i ).
We denote quadratic imaginary orders by O and write O d for the quadratic imaginary order of discriminant d. We set w d := #O . The notation w i , w i will refer to the special case d = d i . If ℓ is ramified in O, then l will denote the unique prime ideal in O lying above ℓ. We write D for the principal ideal generated by √ d. In §5, we will give background on quadratic imaginary orders, and fix some more notation there.
Let 
, and an embedding
For any g ∈ Isom A/µ (E 1 , E 2 ) we obtain an isomorphism End A/µ (E 2 ) ∼ = End A/µ (E 1 ) by conjugating by g. Thus we have an embedding (that depends on the choice of g)
Definition 2.1. Let ι : O ֒→ R be a map of Z-modules. We say this map is optimal at p if
where the intersection takes place inside of R ⊗ Q p Proposition 2.2. Let E be an elliptic curve over A that has good reduction and that has CM by an order O. Write E 0 for the reduction of E. Then then embedding
is optimal at all primes p = ℓ. It is optimal at ℓ if and only if O is maximal at ℓ. 
is a bijection. So to complete the proof, it suffices to show that
We may write ψ := 1 f ℓ k (a + bφ) for some a, b, f ∈ Z, k ∈ Z ≥0 , where ℓ ∤ f . Since φ ∈ im(End(E) → End(E 0 )), both φ and a + bφ are endomorphisms of E n , and of Γ n , the ℓ-divisible group of E n . The endomorphism ring 
, we define F (m) to be the unique ideal in O L such that for all rational primes ℓ and all primes
where R is the suborder of End A/µ (E(τ 1 )) described above and C = 1 if 4m = d 1 d 2 and C = 2 otherwise. (The presence of this C scalar is to agree with the convention set in [GZ85] . Since Gross and Zagier take the product over x-values, for every m = d 1 d 2 /4 the value F (m) 6 appears twice in the product, once from x and once from −x.) From this definition and the previous discussion it is clear that
In addition, the condition defining F (m) is Galois invariant, so v µ (F (m)) = v µ ′ (F (m)) for any µ, µ ′ lying over the same prime ℓ. Assume that F (m) is non-trivial. So there exists a prime ℓ and an elliptic curve E/F ℓ with embeddings ι i : O d i ֒→ End(E) such that the images of ι 1 and ι 2 generate an order R of discriminant m 2 . The endomorphism ring End(E) is either an order in a quadratic imaginary field, or a maximal order in the quaternion algebra B ℓ,∞ ramified only at ℓ and ∞ [Lan87, Chap. 13 §2]. Since a maximal order in a quaternion algebra has no suborders of rank 3, if m = 0, then R must be a rank 2 Z-module.
. Now consider the case when m is nonzero. Then R is rank 4, and thus R ⊗ Z Q is B ℓ,∞ , the quaternion algebra ramified only at ℓ and ∞. A straightforward calculation, which does not depend on ℓ, shows that
Since this quaternion algebra is ramified only at ℓ and ∞, this implies that the Hilbert
In addition, ℓ divides the reduced discriminant of any order in B ℓ,∞ , so ℓ|m. Since F (m) is a Galois invariant fixed ideal supported only at primes lying over ℓ, we may consider F (m) to be just a fractional power of ℓ. This completes the proof of Theorem 1.1.
Example 2.3. Assume that there is a quadratic character ǫ that is defined on every prime p that divides a positive integer of the form
agrees with the definition in [GZ85, Thm. 1.3], and that
Henceforth, we fix a non-negative integer m of the form
and a prime ℓ, and we assume that ℓ ∤ f 1 . We retain the notation fixed in §2. Recall from §2, that
3.1. High-level strategy. As discussed in §2, an element of f ∈ Isom A/µ n gives rise to an embedding of O d 2 ֒→ End A/µ n (E(τ 1 )) that is optimal away from ℓ. We first show that the problem of counting elements in
is equivalent to counting elements in End A/µ n (E(τ 1 )) that have a fixed degree and trace and have a fixed action on the Lie group. To compute these elements we give detailed constructions of the endomorphism rings End A/µ n (E(τ 1 )), and show that the endomorphisms of a fixed degree and trace are in a finite-to-1 correspondence with ideals in O d 1 of a certain norm. We then classify how many of these endomorphisms have the desired action on the Lie group. This high-level strategy is the same as that employed by Gross and Zagier in the case that −d 1 is prime, d 2 is fundamental, and gcd(d 1 , d 2 ) = 1, and, soon after, by Dorman in the case that d 1 is squarefree, d 2 is fundamental, and gcd(d 1 , d 2 ) = 1. However, the general case presents significantly more technical difficulties, which is perhaps not surprising, as it has been over 20 years since Gross-Zagier and Dorman published their papers.
First, the straightforward generalizations of the constructions of the endomorphism rings End A/µ n (E(τ 1 )) given in [GZ85, Dor89] to the case where d 1 ≡ 0 (mod 4) and µ a prime of characteristic 2 completely fail, even if d 1 is fundamental. If d 1 is not fundamental, then many arguments in [GZ85, Dor89] fail since the localizations of O d 1 are not necessarily discrete valuation rings. In addition, the descriptions of the constructions given in [Dor89] in the case that d 1 is squarefree and ℓ is ramified were not complete and the proofs were completely omitted. We give a construction that works generally for all d 1 , not necessarily fundamental, and all primes ℓ regardless of the splitting behavior of ℓ; see §6 for more details.
The next difficulty arose in studying the elements of the endomorphism rings; this study takes place in §7. The elements of these endomorphisms rings give rise to a study of ideals in O d 1 , an order that is not necessarily maximal. This leads to difficulties in two ways. The first is that, in the Picard group of a non-maximal order, we can no longer assume that every 2-torsion element is represented by a ramified prime ideal. The second is that there are many more invertible ideals of order p n for n sufficiently large when p|f 1 than in the usual case.
The last point of difficulty is in determining the action on the Lie group in the case that d 1 and d 2 share a common factor. If d 1 and d 2 are relatively prime, the action is almost trivial to compute. Indeed, this step in [GZ85] was dealt with by a one line argument. The general case is significantly more involved; see §8 for more details. As discussed above, we will relate the elements of Isom A/µ n to certain endomorphisms. Consider the following subsets of End A/µ n (E).
otherwise,
where e 2 = e 2 (µ/ℓ) is the µ-ramification degree of L over H 2 . In order to relate v ℓ (F (m)) to the cardinalities of S Lie n , we must first partition these sets by m; recall that v ℓ (F (m)) counts isomorphisms that give rise to a suborder of End(E) of discriminant m 2 . We define:
. From the definition of F (m) and (3.1), we see that
2) where C = 1 if 4m = d 1 d 2 and C = 2 otherwise. It remains to compute τ 1 #S Lie n,m (E(τ 1 )/A). We will first compute τ 1 #S n,m (E(τ 1 )/W) (we define S n (E/W) and S n,m (E/W) by replacing A with W and µ with π in the definitions of S n (E/A) and S n,m (E/A) above).
When m = 0 we do this by giving an explicit presentation for End W/π n (E)( §6), and then use this presentation to relate the elements of S n,m (E/W) to integral invertible ideals of norm mℓ −r , where r = 2n − 1 if ℓ is inert in Q( √ d 2 ) and r = n otherwise( §7). More precisely we prove Theorem 3.1. Assume that ℓ ∤ f 1 and that m = 0. Then τ 1 #S n,m (E(τ 1 )/W) is equal to an explicitly computable weighted sum of the number of certain invertible ideals of norm ℓ −r m, where r = 2n − 1 if ℓ ∤ d 1 and r = n otherwise. If, in addition, m and f 1 are relatively prime, then
We also prove (see §7) that ρ(m)A(ℓ −r m) can be expressed as a product of local factors. When m = 0, then S n,m (E/A) consists of elements in O d 1 with trace d 2 and norm
In addition, the order generated by these elements must be optimally embedded at p = ℓ.
Now we may assemble (3.2), (3.3), and (3.4) to prove:
To complete the proof of the theorem, we must compute e(µ/ℓ). If ℓ ∤ f 2 , then the only ramification comes from that of Q(
If ℓ|f 2 , then we compute the ramification by computing the ramification separately in the subextensions
If m = 0, ℓ ∤ f 1 and either ℓ is odd or ℓ does not ramify in at least one of Q(
, then by Theorem 3.1, v ℓ (F (m)) is an explicitly computable weighted sum of invertible ideals of norm ℓ −r m. If, in addition, f 1 is relatively prime to m, then we apply Theorem 3.1 to establish:
If ℓ|d 1 or, equivalently, when e = 2, then ρ(m) is always even. Since in all other cases e = 1, it is clear that v ℓ (F (m)) is an integer. If m = 0 and
We retain the notation from the previous section. From now on, we assume that ℓ ∤ f 1 . In this section, we prove Proposition 4.1. Let E be any elliptic curve over A with good reduction and such that
where e 2 (µ/ℓ) is the ramification degree of L unr µ over the completion of ring class field of O d 2 at the restriction of µ.
Proof. Let E ′ = E(τ 2 ) for some τ 2 . Assume that Isom A/µ n (E, E ′ ) = ∅, and let g ∈ Isom A/µ n (E, E ′ ). If θ ∈ End(E ′ ) is the unique element such that θ = δ in Lie(E ′ ), then
and θ, θ g are equal to δ in Lie(E ′ mod µ), Lie(E mod µ) respectively. Therefore, we have a set map
Consider the case where ℓ|f 2 . By [LT66] and by comparing ramification degrees of ℓ in L and in H 2 , we see that Isom A/µ n (E, E(τ 2 )) = ∅ for all τ 2 and all n > e 2 (µ/ℓ). Suppose n ≤ e 2 (µ/ℓ). Let g 1 , g 2 ∈ Isom A/µ n (E, E(τ 2 )) for a fixed τ 2 . If θ
is an automorphism of E(τ 2 ) mod µ n that commutes with θ. Therefore g 1 g If ℓ ∤ f 2 , Proposition 2.7 and the discussion at the top of page 201 in [GZ85] shows that (4.1) is w 2 -to-1 and surjective.
Background: quadratic imaginary orders
Let O be an order in a quadratic imaginary field, and let d be the discriminant of O. Let a be an ideal in O. If O is not maximal, then we can not necessarily write a uniquely as a product of primes. However, we can always write a uniquely as a product of primary ideals where no two ideals in the factorization are supported at the same prime. . Then we define Ψ : (Z/dZ) × → {±1} k as follows.
For a prime p that divides d, but does not divide the conductor f of O, we define 
This map Ψ can be used to test when an ideal a is a square in the Picard group. From this theorem, we can easily obtain the following corollary.
Corollary 5.2. Let ℓ be a prime that divides d, but does not divide the conductor f . Let a be an invertible integral ideal that is prime to the conductor. Then From this it is clear that N(a) ∈ ker Ψ ℓ if and only if N(a) ∈ ker Ψ, which completes the proof.
Unfortunately, the map Ψ cannot be extended to all integers while still retaining the properties described in Theorem 5.1 and Corollary 5.2. This is because it is possible to have two invertible ideals a, b ⊆ O d with the same norm, such that ab −1 ∈ 2 Pic(O d ). This can only occur when the ideals are not prime to f .
Let a be an integral invertible ideal that is supported at a single prime p that divides the conductor, i.e. a q = 1 for all q ∤ p. Let α ∈ O be a generator for aO p such that gcd(N(α), f ) is supported only at p. Then a ∼ a in Pic(O), where
and N( a) is coprime to the conductor. Thus, the genus of a is equal to Ψ (N( a) ). Since every ideal can be factored uniquely into comaximal primary ideals, this gives a method of computing the genus class of any ideal.
Parametrizing endomorphism rings of supersingular elliptic curves
Let ℓ be a fixed prime and let O be a quadratic imaginary order of discriminant d such that ℓ ∤ f := cond(d). We assume that ℓ is not split in O. Let W be the ring of integers in Q Fix a presentation B ℓ,∞ of the quaternion algebra ramified at ℓ and ∞, and fix an embedding L := Frac(O) ֒→ B ℓ,∞ . The goal of this section is to define, for every [a] ∈ Pic(O), a maximal order R(a) ⊂ B ℓ,∞ such that
2) R(a), together with the optimal embedding O ֒→ R(a) is isomorphic to the embedding End(E(a)) ֒→ End(E(a) mod π), where E(a) is the elliptic curve with CM by O that corresponds to a, and
Since we will use these maximal orders in the next section to compute the sets S n,m (E(a)), we also want the orders R(a) to be fairly explicit. Our construction of these maximal orders R(a) generalizes the work of Gross-Zagier [GZ85] and Dorman [Dor89] , where they defined maximal orders with these properties under the assumption that −d is prime [GZ85] or d is squarefree [Dor89] . We treat arbitrary discriminants d, correct errors and omissions in some proofs in [Dor89] , and treat the ramified case in detail, giving complete definitions and proofs.
Note that Goren and the first author have given a different generalization of Dorman's work [GL] to higher dimensions, which works for CM fields K, characterizing superspecial orders in a quaternion algebra over the totally real field K + with an optimal embedding of O K + . That work also corrects the proofs of [Dor89] , but in a slightly different way than we do here, and does not handle the ramified case or non-maximal orders. 6.0.1. Outline. In §6.1, we give an explicit presentation of B ℓ,∞ that we will work with throughout. The construction of the maximal orders R(a) depends on whether ℓ is inert or ramified in O. The inert case is discussed in detail in §6.2, and the construction in the ramified case is given in §6.3. In these sections we also prove that our construction satisfies conditions (1) and (3). While the construction of R(a) is different in the ramified case, many of the proofs go through as in the inert case with minor modifications. Because of this, in §6.3, we only explain the modifications and omit the rest of the proofs. In §6.4, we show that these constructions also satisfy property (2).
6.1. Representations of quaternion algebra. Given a fixed embedding ι : L ֒→ B ℓ,∞ , the quaternion algebra B ℓ,∞ can be written uniquely as ι(L) ⊕ ι(L)j, where j ∈ B ℓ,∞ is such that jι(α)j
. From now on, we will represent B ℓ,∞ as a sub-algebra of M 2 (L) as follows.
If ℓ is unramified in O then we may assume that j 2 = −ℓq, where q is a prime such that −ℓq ∈ ker Ψ and q ∤ d. If ℓ is ramified, then we may assume that j 2 = −q where −q ∈ ker Ψ ℓ , −q ∈ ker Ψ ℓ and q ∤ d. (Recall that Ψ, Ψ ℓ and Ψ ℓ were defined in §5.) In both cases, these conditions imply that q is split in O. 14 6.2. The inert case. Let a ⊆ O be an integral invertible ideal such that gcd(f, N(a)) = 1. Let q be a prime ideal of O lying over q. For any λ ∈ O such that (1) λq
From this definition, it is clear that if λ ′ satisfies (1) and (2) and λ ≡ λ ′ (mod D), then R(a, λ) = R(a, λ ′ ). We claim that, for any a and λ, R(a, λ) is a maximal order.
Remark 6.1. Although Dorman [Dor89] does not include condition (1) in his definition, it is, in fact, necessary. Without this assumption R(a, λ) is not closed under multiplication, even if d is squarefree. This was already remarked on in [GL] . Proof. We will show that R(a, λ) is closed under multiplication. All other properties are easily checked. Consider
Their product is in R(a, λ) if and only if
Claim 1: Note that a 1 a 2 + ℓqb 1 b 2 can be rewritten as
Using the definition of R(a, λ) and the fact that for any c ∈ O, (c − c) ∈ D, one can easily check that (6.2) is in D.
Similar arguments as above show that (6.4) is in dO.
Lemma 6.4. The discriminant of R(a, λ) is ℓ 2 , and so R(a, λ) is a maximal order.
Proof. To prove this lemma, we will use an auxiliary (non-maximal) order
One can easily check that this is an order. Let ω 1 , ω 2 be a Z-basis for aa −1 . Then
is a Z-basis for R(a). Using these basis elements, one can show that disc( R(a)) = (ℓqd) 2 . We claim that R(a) is related to R(a, λ) by the following exact sequence,
This exact sequence implies that R(a, λ) : R(a) = qd, and thus the lemma follows. Proof of claim: Exactness on the left is straightforward. Exactness on the right holds since for any
, and the reverse containment follows since β ∈ aa −1 implies that λ a β, and hence α, is in O.
Given an ideal a, we will now construct a λ = λ a satisfying conditions (1) and (2). Since we want our orders R(a) := R(a, λ a ) to satisfy
the relationship between λ a and λ ab will be quite important. In fact, the relation
shows that R(a) is determined from R(O) and so λ a mod D is determined by λ O mod D.
6.2.1. Defining λ a . For all regular ramified primes p, fix two elements 
for all regular primes p and λ b ≡ λ (p) (mod D p ) for all irregular primes. These conditions imply that λ b d is well-defined modulo D.
Let a be an invertible integral ideal O such that gcd(N(a), f ) = 1. Then we may factor a as a ′ a d , where a ′ is prime to the discriminant and a d is supported only on regular ramified primes. We define λ a :
Note that it follows from this definition that λ a is well-defined modulo D and, importantly, that λ a satisfies λ a q −1 aa −1 ⊂ O and N(λ a ) ≡ −ℓq mod d.
Lemma 6.5. Let a, b be two invertible ideals in O that are prime to the conductor. Assume that a and ab are both integral. Then
Proof. We will show that R(a, λ a )b ⊆ bR(ab, λ ab ). The reverse containment then follows by letting a = ab and
is in the center of B ℓ,∞ and R(a, λ a ) = R(Na, λ N a ) for any integer N, we may reduce to the case where b is integral. We will also assume that b = p is prime; the general result follows from multiplicativity.
We can write
Take [α, β] ∈ R(a, λ a ) and γ ∈ p; the product equals [γα, γβ]. One can easily see that γα ∈ pD −1 and that γβ ∈ q −1 D −1 apa −1 . It remains to show that γα − λ ap γβ ∈ p. Consider the case where p is unramified. Since λ ap = M(p)λ a , we may rewrite γα − λ ap γβ
Now consider the case where p is ramified.
It remains to show that v p (γα −γλ ap β) ≥ 1. First consider the case when p|2. Rewrite γα − λ ap γβ as
From the definition of λ a , we see that
and v p (γ) = 1, and in p otherwise. Moreover, the same characterization holds for λ ap β(γ − γ). Since #O/p = 2, a sum of two p-adic units is in p. Hence, we conclude that v p (γα − γλ ap β) ≥ 1. If p is odd, then v p (β) ≥ −1. Combining the last two terms in equation 6.5, we see that we need to prove that v p ((γλ a − γλ ap )β) ≥ 1, so it suffices to prove that v p (γλ a − γλ ap ) ≥ 2. From the definition of λ a , we see that λ a + λ ap ∈ p, and since γ ∈ p, γ + γ ∈ p 2 . Thus γ(λ a + λ ap ) − (γ + γ)λ ap = γλ a − γλ ap is in p 2 .
6.3. The ramified case. Let a ⊆ O be an integral invertible ideal such that gcd(f, N(a)) = 1. Let q be a prime ideal of O lying over q. For any λ ∈ O such that (1) λq
From this definition, it is clear that if λ ′ satisfies (1) and (2) and λ ≡ λ ′ (mod Dl −1 ), then R(a, λ) = R(a, λ ′ ). We claim that, for any a and λ, R(a, λ) is a maximal order.
Lemma 6.6. R(a, λ) is an order.
Proof. We will show that R(a, λ) is closed under multiplication. All other properties are easily checked. Consider
The proof of these claims goes through exactly as in the inert case, after replacing every q in the inert case with q/ℓ, and after noting that a i , a i ∈ l and b i , b i ∈ lq −1 aa −1 .
Lemma 6.7. The discriminant of R(a, λ) is ℓ 2 , and so R(a, λ) is a maximal order.
Proof. This proof is exactly the same as in the inert case after replacing q with q/ℓ.
6.3.1. Defining λ a . For all regular ramified primes p, fix two elements
Let a be an invertible integral ideal O such that (N(a), f ) = 1. Then we may factor a as a ′ a d , where a ′ is coprime to the discriminant and a d is supported only on regular ramified primes. We define λ a :
and that λ a satisfies λ a q
Remark 6.8. Since λ a ≡ λ al (mod Dl −1 ) for any integral invertible ideal a, the corresponding orders R(a), R(al) are equal. This is not surprising, since E(a) ∼ = E(al) modulo π.
Lemma 6.9. Let a, b be two invertible ideals in O that are coprime to the conductor. We assume that a and ab are integral. Then R(a, λ a )b = bR(ab, λ ab ).
Proof. As in the proof of Lemma 6.5, it suffices to prove that R(a, λ a )b ⊂ bR(ab, λ ab ) and we can reduce to the case where b is prime.
Take [α, β] ∈ R(a, λ a ) and γ ∈ p: the product equals [γα, γβ]. One can easily see that γα ∈ plD −1 and that γβ ∈ q −1 lD −1 apa −1 . It remains to show that γα − λ ap β ∈ p. We will focus on the case where b = l; if b = l, then the proof is exactly as in Lemma 6.5. We can rewrite γα − λ ap β as
It is straightforward to see that the first and third terms are in l. The second term is in l since v l (λ a − λ ap ) = v l (D) − 1. This completes the proof. 6.4. Elliptic curves with complex multiplication.
Lemma 6.10. Let R be a maximal order of B ℓ,∞ such that R∩L = O, where the intersection takes place using the embedding of B ℓ,∞ ⊂ M 2 (L) given in (6.1). Then there is an integral invertible ideal a ⊆ O coprime to the conductor such that R is conjugate to R(a, λ a ) by an element of L × .
Proof. Since R is a maximal order in B ℓ,∞ , O must be maximal at ℓ [Vig80, Chap. 
We may write a ′ as θa, where θ ∈ L × and a is integral and coprime to the conductor. Thus, Lemmas 6.5 and 6.9 show that R = θ −1 R(a, λ a )θ.
Fix an element [τ (0) ] of discriminant d, and let E = E(τ 0 ) be an elliptic curve over W with j(E) = j(τ (0) ) and good reduction at π. Then we have an optimal embedding of O ∼ = End(E) into End W/π (E), a maximal order in B ℓ,∞ . Thus, by Lemma 6.10, there is an element [a 0 ] ∈ Pic(O) such that the pair
is conjugate to R(a 0 ) with the diagonal embedding O ֒→ R(a 0 ). Now let σ ∈ Gal(H/L) and consider the pair
By class field theory, Gal(H/L) ∼ = Pic(O); let a = a σ be an invertible ideal that corresponds to σ; note that a is unique as an element of Pic(O). We assume that a is integral and coprime to the conductor. Since Hom(E σ , E) is isomorphic to a as a left End(E)-module, we have End(E σ mod l) = a End(E)a −1 [CF67, Chap. XIII]. Thus, by Lemmas 6.5 and 6.9, the pair corresponding to E σ is conjugate to R(a 0 a). We define
One can easily check that R 1 (a) = R(a), that n R n (a) = O and that
Then by [Gro86, Prop. 3 .3], End W/π n (E σ ) ∼ = R n (a 0 a) .
Proof of Theorem 3.1
Throughout S n,m (E) will denote S n,m (E/W). In this section, we prove Theorem 3.1, which we restate here for the reader's convenience. 
We note that in the general case, i.e. if m is not coprime to f 1 , τ 1 #S n,m (E(τ 1 )) is still computable; in fact, the proof provides an algorithm. From now on we assume that the prime ℓ does not split in O d 1 . Therefore, by §6.4, for every [τ 1 ] of discriminant d 1 there exists an integral invertible ideal a = a τ 1 , such that End W/π n (E(τ 1 )) ∼ = R n (a). Furthermore, the elements a τ 1 can be chosen in a way that is compatible with the Galois action; we will assume that this is the case. Since R n (a) ⊂ B ℓ,∞ , henceforth Tr, N, and disc will refer to the reduced trace, reduced norm, and reduced discriminant, respectively, in the quaternion algebra. With the identification of End W/π n (E(τ 1 )) with R n (a), S n,m (E(τ 1 )) consists of elements [α, β] 
and such that
has index a power of ℓ. Let t denote the trace of 
, so α is uniquely determined by t. In turn, t is uniquely determined by m if 4m = d 1 d 2 , and otherwise t is determined by a choice of sign. Define 
In both cases, the formula simplifies to ββ = N(rD −1 )mℓ −r . From these conditions, it is clear that b is integral, invertible, has norm mℓ −r , and is equal to r in Pic
We obtain further conditions on the ideal b by using the condition that the index of
is not divisible by any prime p = ℓ. Now consider the case when p = 2. As above, we have that v p (β) ≥ 3 − v p (d 1 ), which is non-negative. We may rewrite
Since 2|f 2 , 4 divides We have obtained a map from S t n,m (E(τ 1 )) to invertible integral ideals in O d 1 satisfying conditions (7.1), (7.2), and the additional conditions:
Note that the codomain does not depend on a, and hence is independent of τ 1 . Thus, we can extend the domain of the map to τ 1 S t n,m (E(τ 1 )). We draw attention to the fact that the codomain of the map is explicitly computable. This follows from the results in §5.
In the rest of the section, we will prove that for each ideal b that satisfies (7.1),(7.2),(7.4) and (7.5), there is an algorithm that computes whether b = βr (E(a) ). If so, the algorithm also computes the size of the fiber lying over b, i.e. the number of pairs (β, a) such that the above condition holds. This will show that τ 1 #S t n,m (E(τ 1 )) is a weighted sum on invertible integral ideals, namely each ideal satisfying (7.1),(7.2),(7.4) and (7.5) is weighted by the size of its fiber, and every ideal not satisfying one of (7.1),(7.2),(7.4) and (7.5) is weighted by 0. In the case where m is coprime to f 1 , we will show that this weighted sum agrees with the formula given in the statement of the Theorem.
Let b be an invertible integral ideal satisfying (7.1) and (7. We first calculate the number of φ ac satisfying Condition (1). Condition (1): Henceforth, we will assume, without loss of generality, that a and c are coprime to d 1 . As a result, we have λ ac = ( p|c M(p)
vp ( Proof. An easy computation shows that the map is well-defined. We will show that the groups have the same cardinality, and then show that the map is surjective. 
